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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

4DvANCE R REPORT

KETHODS 4AND CHARTS FOR COMPUTING STABILITY DERIVATIVES

OF A V_-BOTTOM PLANING SURFACE

By James M. Benson and anton Freihefner
SUMMARY

Yethods and charts are presented fer computing sta-
vility derivatives of a longitudinally strsight V-bottom
planing surface representing the forebody of a seaplane
float or a flying-boat hull without chine flare. The
charts for computing hydrodyramic derivatives were used
in calculating the trim limit of stavbility for angles of
dead rise of 100, 20°, and 30°. The lower trim limit of
stability of a seaplane plarning on the forsbody was cal-
culated from measurements of 1ift, resistance, trimming
mcment, and wetted length of planing surfaces and was
found to be in good agreement with experimasntal values
of the trim limit of stability.

The valocity derivatives Z, and My, were computed

as a function of the draft, while the component due to

the effect of vertical velocity on the trim was neglected.
A comparison of the measured results with the calculated
results indicated that the trim component was of nminor
importance and that bYetter accuracy was obbtained by neg-
lecting it in the present calculations.

INTRODUCTION

The methods that are conventiocrally used in the anal-
vysig of sercdynamic stability have besn successfully
enploved in investigations of the stavility of a seaplane
in the planing condition. (See references 1 and 2.) The
determinatior of both aerodynamic and hydrodyrnamic stabil-~
ity derivatives has been rather difficult. In particular,
the evaluation of the hydrodynamic components of the ve-
locity derivatives (variations of 1ift and trimming moment
with both linear and angular velocity) has involved assumo-
tions of doubtful validity. These rethods have given ‘



results that agree qu!ﬁiﬂﬁﬁiwvﬂf with the results of in-
vestigations of the low-angle type of porpoising in which
the afterbody is not involved. Applications of the
methods to investigations of the high-angle tyvne of por-
poising appear more difficult and are not considered in
the present report.

The purpose of the present investigation was %o
compare values of the hydrodynamic derivatives as calcu-
lated from general test data with the values measured
from records of the disturbed motions of a planing body
and to develop a procedure for evaluating the derivatives
more sccurately than heretofore from general test data on
planing surfaces. The four derivatives 1Z,, Do ME'
and Mq were measured from the damped oscillations of
rlaning bodies. The derivative ©Zy was cazlculated and
compared with the valuvues obtained exverimentally, OFf the
four remaining hydrodynamic derivatives, Z6 and M,

were obtained directly from gencral test datay Zq and

M, were measured but not with sufficient accuracy for
comparison with the calculationg. as a check on the over-
all accurscy of the methods and data, the lower trin

limit of stabliity was computed for three different angles
of dead rise and was compared with the results of tests of
dynamic models.

The coefficients used in the present report are
defired as follows:

LY

7 L 3

CLD planing 1ift coefficient !———E;—\
k 1 2

k% pu bﬂ

!

CRD nlaning resistance coefficient /; Br \
b Pl 2, 2 ’
§2 pu b /
A
Cy center-of-pressure coefficient (s/W.L.)

a Graft coefficient (a/b)

Cy  speed coefficient (V//ghb)
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G, load coefficient (A/wt)

Cp, initial load coefficient (Ay/wd®)
where

Lp 1ift, pounds

P density of water, slugs per cubic foot (1.97 slugs/
cu ft for water in NACA tank No. 1)

u horizontal velocity, feet per second
b beam of hull, feet
Rp resistance, pounds

distance from tralling edge to center of pressaure,

&}

feet
W.L. wvetted length from %trailing edgze measured along keel,
feet
d draft, fect
v speed, feet per second
g acceleration of gravity, feet ver second ver second
w specific weight of water, pounds per cudbic foos

(63.5 1b/cu ft for water in NACA tank Ho. 1)
) load, pounds
Lo initial load, pounds

Other symbols used in this report are defined as
follows:

ki horizontal distance of center of pressure forward of
center of gravity

ko vertical distance of center of pressure below center
of gravity

I moment of inertisa of seaplane about transverse axis
threugh center of gravity, slug-feet




m mass of seaplane, slugs

VA force along OZ-axis, equal to 1ift but opposite in
sign

M trimming moment about transversc axis through center
of gravity, positive when tending to raise bow,
pound-fcet :

P period of oscillation of planing surface after

disturbance, seconds

q angular velocity abownt center of gravity, radians
ner sccond

T distance of perpendicular from center of gravity to
kcel forward cf trailing edge, fesot

t tims, seconds
Vg resultant velocity of forcbody due %o small vertical
velocity w 1impressed upon hcrizontal velocity
w vertical velocity, feet per sacond
z vertical displacement from a conditicn of steady
planing, positive downward, feet
Zg distance orf pivot above water level
Zy..-%, WmaXimuus on curve of disturbed motion of planing
surface
T trim, radians
6 angle of rotation about caznter of gravity, radians
8 logarithmic decrement <?og 21
22
z, = L o2
. nJdz
s . laz
w maw
Zg = 197
m 96
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7 =12932Z
a n o¢q
M, = = 98
; I 3z
Mw:l_a_l‘ﬁ
I 3w
Me=.1.§_”£
I 96
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CALCULATION OF DERIVATIVES

Equations of Motion

Perring and Glauert (reference 1) demonstrated that
the fore-and-aft degree of freedom may be ncglected in an
analysis of porvoising and that the motion may be treated
as one having freedom in only trim and rise. In the con-
ventional methods of gstability analysis, the oscillations
are assumed to be small. Maclaurin“s series is used to
obtain expressions for the force and the moment and all
derivatives of order higher than the first are neglected.
Tre seaplanc is assumed to be traveling at a constant
forward speed under conditions of static esquilibrium. An
- arbitrary disturbance of small amplitude is assumed and
the equations of motion that describe the resulting small
oscillations may be investigated either to determine the
actual motions or to determine whether the motions diverge
in amplitude or converge to zero. If the axes move with
the seaplane and are taken with the origin at the initial
position of ths center of gravity, with O0X forward and
always parallel to the water surface and with 0Z vertical
and positive downward (fig. 1), the equations of motion
following a disturbance arse

5 .

das gz ow 36 3q



2 A | ,
1 9—% = g oM . w oM 6 oM + q oM (2)
at dz oW . 96 dq

The division of equation (1) by m and of eguation (2)
Py I and the use of the notations '

[eF 1oV}

N {03
=
5]

au
o

N3
it
B |k

: and so forth

we

1
oj
N

give the eqguations for the acccleration

2
d o
at” = 2%, + wl, + EZe + qu (3)
g—_& = ZMZ + WMW + eMe + qM (4)
at? v T

Basic Data for Computing Derivatives

Data frem reference 3 have becen plotted in a con-
venient form that neglects the effect of Froudels number
on 1ift, resistance, and the position of the center of
pressure. Lift coefficient, recsistance cocfficient, and
centor—-of-pressure cocfficient are plotted against draft

cocfficicnt; 1ift cocfficient ’~resistancc coefficient’

2 2
draft coefficicnt draft coefficicnt

and centecr—of-prossurc coefficient arc plottcd against
trim, These plots are given in figures 2 to 19 as faired
curves for angles of dead rise of lOO, 200, arnd 30°.
Valucs for the draft wore computced from measurcements of
wettod lengths.

Displacement Derivatives

Derivative Z,.- The derivative Z, may bec obtainecd

from a plot of Of aa a function of Cd with T as
1Y
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the parameter. The force 2 1s equal to the 1lift L,
but opposite in sign and, at constant T and u,

dz = d4d. Hence, for unitt mnass,
1l 2,2
g o123z _ _13Lp _ _13%p 3P 0
Z maz m 3 d m 0Cq4 b

and %, may be evaluated if the mass moving vertically

is substituted in the cguation and the slope 9%y
3 Cq
is obtained from figure 2, 3, or 4.

Dorivative Zg.- The derivative 3Zg is proportional

t0 th:e rate of cnangc of the force 2 with change in §.

A changc in 6 implies a change in draft as well as in

trim T; hence,

g - 10z _ 1 @Edd.‘.@_’?:il)
© m 386 m \ad a6 AT aé
and, because ar . 1,
as
ol
Zg = Z, da _ 1 7 7D oyPyR
ag n &t 2
In order to obtain Qéj which equals ég, the equation
a6

relating 4 and 6 is differentianted. From figure 1,
if =z, 1¢ the distance of the pivot above the water level,

d = r sin G + p cos § - 3z,

where r 4is the distance of the pivot forward of the

trailing edge and p 1is the distance of the pivot above
the keel. Then,

44 _ -
ic = T cos B p sin ¢



and, for small angles, . ‘

ad

% =T -

may be obtained from figure 5, 6, or

C

d .
7. ¥igures 5, 6, and 7 were obtained by cross-plotting
figures 2, 3, and 4, respectively.

Trimairg morents may be plotted directly as a func-
tion of draft or trim to obtain Mz or My, Dut separate
plo%s are required for each velocity to be investigatsd.
If the definitions of planing coefficient, resistance
coefficient, and center-of-pressure ccefficient are used
ard if the effect of Froude'slaw is neglected, these .
noment derivatives may be obtained a% any speed from a
plot ¢f OUp as a function of Gg =and 7.

Derivative M, .- The expression for trimming moment

is

M = I"Dki - Rpka

where k; 1e the horizontal distance of thc center of
pressure forward of the center c¢f gravity and kz 1is the
vertical distance of the canter of pressure below the
center of gravity. In order to obtaln M,, this expres-
sion is differentiated with respeect to d, with T held
censtant:

, - ey .
M, = 1o _1 Ly oka Ik, Stp R, Okz k, dRP\
I 84 I dd od od od /
From figure 1,
ky = (s -~ 1) cos T+ p sin 7T ’

and

ky = p cos T - (8 - r) sin T



By differentiation,

ok, _ EE . E acp
gd T, T od

and
ok aC
S22 =_cp - a—2
ad od

. . ; . dRyp
The partial derivative .S—~ may be evaluated by measur-

ing the siopes of the curves in figures 8 tc¢ 10; likewise,

3 Cop

——

33 is evaluated as a slope in figures 14 to 16.

Derivative MG'“ The derivative MG is analagous

to Ze and may be evaluated as the sum of two variables!

T 1 (aMad QE‘QL>
I36 I \ddas a7 de

— L rd—— + l — — 1{ oy
3T Part Y Par 257

Differentiating %k, and kp; with respect to 7T gives

—_— = - = 4+ = —— & PT

dT 3 T 3T P
ko aC

—— = . T - ad—— + »r

ar P ar

The partial derivative §E£ may be evaluated from figures

oT
G

11 to 13, and %TE is obtained from figures 17 to 19,
T
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For unlt mass and unit moment of inertia, the deriv-
atives may bte expressed in the form

w.L,

ZW = ZZ + J'.. Ze
u u
w.L. 1

Mw = a MZ + :l— Me

Ag will be shown in the following paragraphs, exper-
imental data indicate that the components of Z,, and My

which contain 2g and Mg are of minor importance and
for the present purpose may be neglected.

Derivatives Zq and Mq‘- In order to evaluate Zq

and qu it is assumed that an angular velocity q may

be considered to have the same effect upon the planing
surface as the sum of the effects due to a vertical and a
horizontal veloecity - that is,

32 _ 1(% du

VA P l _0 = — _E gﬁ[)
4 m 3q m\oJu dqg dw dq

I 9q I “ou dq dw dq

Becauss
du
= = k,
dq
and
dw
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fhe two derivatives can be evaluated if =X and oM are

ou ou
determined. 3y the use of

= I

Ly = CLPE pu-b

aLp o 2L

= = (], ub” = —=

3u p P
Iin order to obdbtain %E, slopss are taken from & plot of

g

moment as a function of speed at constant load. Ia the

expression

Lp is known, ki and kz bhave already been calculated,
and'»Rp may be found by the use c¢f figurcs 8 to 10 because

Od is known.

EVALUATION OF ROUTH'S DISCRIMINANT AND DETERMINATION

OF CRIYICAL TRTM

If the hydrodynamic and aerodynamic derivatives have
been found for a given load, speed, and trim, the deriva-
tives are substituted in the equations of motion. Routh's
well-known criterions for the motion to be stable are
that B, C, D, E, and R all be greater than zero,
where

B = _(ZW + Mq)

C = (Mg + Z, ~ MyZy + MyZg)

D = Z,My - Zg¥, + Iylg - ZgMy
B = Z Mg - Zg¥y,

and
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The lower limit of stability may bde found when B,
¢, D, &, and R have been evaluated for a number of
angles.

EZPERIMENTAL EVALUATION OF DERIVATIVES

The hydrodynamic derivatives Z,, 2y, MG’ and Mq
were measured by the "froe-oscillation method" that is
sometimes used in measuring aerodynanmic derivatives. A
model compesed of a planing surface and a tail plane (fig.
21), which represent the forebody and the horizontal tail
of a seaplane (described in reference 4), was first towed
frze to move vertically and locked in trim and was then
towed freec to trim but locked in draft. In each case,
the mcdel was disturbed momentarily and a time history of
the subsequent oscillations was obtained. If the oscilla-
tions are assumed to be those of a damped linear oscilla-
tor, the equation of motion with the model locked in trim
is :

o Ag
m &% -z, 2% 4 7,2
ay® at
where
Sy o ]
Z. damping factor <2m 5)
3 2
‘ : (AT 4
ZZ displacement factor [m (4m .8 )J
p?
and
P period of one oscillation
e 4o 2,
8 logarithmie decrecment <1og —_—
2

Zyy2Z5 two consecutive maximums on curve

A typical trace of the damped motion in draft with locked
trim is given in figure 22. Analagous equations apply
when the model is free to trim but locked in draft.

dat dt
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wvhere
218
Mq = -
and
2 2
Me = I (41"( +“8 )
pe-

A linited pumber of records were taken to obtain these
four derivatives and the results are compared with the
correspondirg calculated values of the derivatives in
tables I and II., The results given in table IT show good
agrecment betwoen the measured values of %, and the

value calculated by the formula

LR
u

g

1
7. = =
w o

The agreement is bettor and ths calculations are simpler

11

than if the term — = Z ig added.
mou €

/

LOWER TRIM LIMIT OF STABILITY

The methods and charts for computing the derivatives
were applied to the specific problem of calculating the
lower trim limit of stability for angles of dead rige of
100, 200, and 30°., The calculations were generally sim-
ilar to those of rcference 4 but were more sxtensive and
enployed the method of calculating the velocity deriva-~
tives previously described hersin. The calculations were
nade for a model with a horizontal tail plane and without
a wing. The dimensions, the mass, the moment of inertia,
and other characteristics assumed for the model were the
sane as those of reference 4 and werec as follows:

e -
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Mass, SIUES + v « +¢ « v & o « v o 4w v « w « v « o« « B,05
Moment of inertia, slug—feeta e e e e e e e e e e 5.2
Beam, feet . . . . .« . . . . . < .+ . . <+ . . . . 1.33
Center of gravity, fraction beam above keel . . . . 1.25
Center of gravity, fraction beam forward of T.E.. . .38
Tail area, square feet. . . . . . . . . . « . . . . 3.47
hLepect ratio of tail planme . . . . . . . . 3.4
Tail arm (measured from c.g. %o quarter-

chord point), feet . . . . . . . . . . . . . . . 3,08
Elevator area, square inches . . . . . . . . . . . 492
Elevator ckord, percent total chord . . . . . . . . 48

Table III presents the results of the calculations
for one set of conditicns: namely, angle of dead rise cf
30°, speed ¢f 40 feet per second, and load of 6C poundg.
The criticel trim - that ig, the trim at which the calcu-
lations indicate a transition from stability %o insbtabil-
ity, was determined at two speeds for four loads and for
two angles of dead rise, 20° andg 30° The calculated
values are plotted in figure 23. Graphs showing all the
hydrodynamic derivatives used in these conputations are
available, on reguest, from the National Advisory Committee
for ~eronautics. The faired curves of figure 23 are from
reference 4 and were deternined experimentally. The cal-
culated values rgree with the experimental values within
the probable limits of experimental error, excent at &
speed of 30 feet per second and a load of 100 pounds. The
discrepancy for this one point may be due to the fact that
the positions of thse center of pressure were obtained by
extrapolating the data in reference 3 from 80 pounds to
100 pounds. Also, the assunmption that Froude's law of
comparison may De neglected probably introduces significant
errors at the low speeds and heavy loads.

CONCLUDING REMARKS

Methods and charts are presented herein for conmput-
ing the stability derivatives of a longitudinally straight
V-obottom planing surface representing the forebody of a
seaplane float or a flying-boat hull without chine flare.
The methods are believed to be generally applicable in
computing stability derivatives of a single planing sur-
face and the charts for angles of dead rise of 10¢, 200,
and 30° are believed to be satisfactory approximations
for calculations of the lower trim limit of stability
when the straight portion of the forebody forward of the
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step is the only planing area involved. In particular,
the results 1ndicate that the veloclty derivatives may be
calculated satisfactorily as functions of the draft with
trim constant while the component due to the effect of
vertical velocity on the trim is neglected.

Lengley Memorial Aeronautical Latoratory,
Netional Advisory Committee for Aeronautics,
Langley Field, Va.
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Figure 1.- Geometric relationships on a forebody.
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